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( w) ( ).
1946 Quine [11] concatenation
2005 Grzegorczyk “Undecidability without Arithmetization”
([4]) concatenation [4]
editors axiom 2 concatenation TC (thoery










TC $*$ 1 $(\check{S}$vejdar[17], Ganea[3], Visser
Sterken[23, 13] $)$ . TC
$T$
$T$ $S$ $S$
2010 Q ( ) R
( ) concatenation WTC WTC $R$
(Horihata[7]). $R$ Tarski, Mostowski,
Robinson[20]
( $R$ 2 ). Vaught[21] $R$
R
Jones Shepherdson [8] $R$
$R_{0}$ $\Sigma_{1}$




Tarski [20] editors axiom
concatenation $F$ $*$3. 87 Talski
Szmielew $Q$ $F$ $F$





$Q$ $Q^{-}$ $\check{S}$vejdar[15] $*$ 5. Ganea
$Q^{-}$ $F\}$ ([3]), $Q$ $F\ovalbox{\tt\small REJECT}$
[15] $Q$ $Q^{-}$
Solovay “shortening of cuts” (
) $Q^{-}$ $F\ovalbox{\tt\small REJECT}$
Tarski [20] 1953 1976 Solovay
$*1$ TC $Q$ TC $Q$
$*2$ Visser, \v{S}vejdar, Ganea
$*3F$ 2.1
$*4Q^{-}$ [15] \v{S}vejdar [16]




Solovay shortening of cuts t)
2 TC
2.1 Grzegorczyk[4] concatenation TC
2.2 Tarski et al.[20] concatenation $F$ TC
2.1 TC $Q$
“ ” $*$ 7.
2.1 ( ). $\Sigma,$ $\Xi$ $\Sigma$ $\Xi$ ( ) ((relative)
translation) $\tau$ : $\Sigmaarrow\Xi$ $\langle\delta,$ $F\rangle$ :
$\bullet$
$\delta$ 1 $\Xi$ ;





$(R(x_{1}, \cdots, x_{n}))^{\tau}:=F(R)(x_{1}, \cdots, x_{n})$ ;
$\bullet$ $(\varphi\wedge\psi)^{\tau}:=\varphi^{\tau}\wedge\psi^{\tau}$ , ;
$\bullet(\forall x\varphi(x))^{\tau}:=\forall x(\delta(x)arrow\varphi^{\tau})$ ;
$\bullet($ $x\varphi(x))^{\tau}:=$ $x(\delta(x)\wedge\varphi^{\tau})$ .
$\delta(x)$
$*$ 9. $S,$ $T$ $\Sigma$ $\Xi$ $\Sigma$ $\Xi$
( ) $\tau$ : $\Sigmaarrow\Xi$ $S$ $\varphi$ $\varphi^{\tau}$ $T$
$S$ $T$ ( ) ((relatively) interpretable) $\backslash$ ,
$*6$ Hajek ([12])




$*9$ “ ” $\delta(x)\equiv x=x$
4
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$T\triangleright S$ $S$ $T$ $T$ $S$ $S$ $T$
(mutually interpretable)
2.2. $T\triangleright S$ :
(1) $S$ $T$ $*$ 10 ;
(2) $T$ $S$
TC $*$ 11.
2.3. TC $(^{\wedge},$ $\epsilon,$ $\alpha,$ $\beta)$ :
TCl $\forall x(x^{\wedge}\epsilon=\epsilon^{-}x=x)$ ;
TC2 $\forall x\forall y\forall z(x^{\wedge}(y^{-}z)=(x^{\wedge}y)^{-}z)$ ;
TC3 $\forall x\forall y\forall u\forall v(x^{\wedge}y=u^{\wedge}varrow$
$w((x^{\wedge}w=u\wedge y=w^{\wedge}v)\vee(x=u^{\wedge}w\wedge w^{\wedge}y=v)))$;
TC4 $\alpha\neq\epsilon\wedge\forall x\forall y(x^{-}y=\alphaarrow x=\epsilon\vee y=\epsilon)$ ;
TC5 $\beta\neq\epsilon\wedge\forall x\forall y(x^{-}y=\betaarrow x=\epsilon\vee y=\epsilon)$ ;
TC6 $\alpha\neq\beta$ .
(TC3) editors axiom concatenation $\epsilon$
$x^{-}y$ $x$ $y$ (concatenate) TC
$(\{a, b\}^{+};^{-}, \alpha, \beta, \epsilon)$ $\{a, b\}^{+}$ $a,$ $b$
TC (TC2)
$\wedge$
2.4. $\subseteq,$ $\subseteq ini,$ $\subseteq_{end}$ :
$\bullet x\subseteq y\equiv\exists z\exists z’(zxz’=y)$ ;
$\bullet x\subseteq iniy\equiv$ $z(xz=y)$ ;
$*10$ “ ”
(Tarski et al.[20]).





$\bullet x\subseteq_{end}y\equiv\exists z(zx=y)$ .
TC
2.5. TC :
(1) $\forall x(x\alpha\neq\epsilon\wedge\alpha x\neq\epsilon)$ ;
(2) $\forall x\forall y(xy=\epsilonarrow x=\epsilon\wedge y=\epsilon)$ ;
(3) $\forall x\forall y(x\alpha=y\alpha\vee\alpha x=\alpha yarrow x=y)$ ;
(4) $\forall x\forall y\forall z(xy=z\alphaarrow y=\epsilon\vee\alpha\subseteq_{end}y)$ ;
(5) $\forall x\forall y(\alpha\subseteq xyarrow\alpha\subseteq x\vee\alpha\subseteq y)$ .
(3) ( )
2.6. TC :
(1) $\forall x\forall y\forall z(xz=yzarrow x=y)$ ;
(2) $\forall x\neg(\exists y(xy=x\wedge y\neq\epsilon))$ .
(2) $\backslash$ ,
editors axiom $w$ “
” TC (1) (2)
Visser[23] TC
[23] \v{C}a\v{c}ic et al.[1]
2.7 (Grzegorczyk[4]). TC
Grzegorczyk Zdanowski [5] TC $\Sigma_{1}$
2.8 (Grzegorczyk and Zdanowski[5]). TC
TC concatena-
tion $*$ 12 TC
concatenation [5]
TC $\alpha,$ $\beta,$ $\gamma$”




$\check{S}$vejdar[17], Ganea[3], Visser Sterken[23, 13]
2.9. Robinson $Q$ TC
Robinson
Q
2.10. $Q$ $(+, \cdot, 0, S)$ :
(Ql) $\forall x\forall y(S(x)=S(y)arrow x=y)$ ;
(Q2) $\forall x(S(x)\neq 0)$ ;
(Q3) $\forall x(x\neq 0arrow$ $y(x=S(y)))$ ;
(Q4) $\forall x(x+0=x)$ ;
(Q5) $\forall x\forall y(x+S(y)=S(x+y))$ ;
(Q6) $\forall x(x\cdot 0=0)$ ;
(Q7) $\forall x\forall y(x\cdot S(y)=x\cdot y+x)$ .
$x\leq y\equiv\exists z(x+z=y)$
Q Q
TC $\triangleright Q$ $Q$ TC
$\alpha$ $0$ $\epsilon$
$2\Rightarrow\alpha\alpha,$ $5\Rightarrow\alpha\alpha\alpha\alpha\alpha$
$x$ ( ) ” Num.$(x)$ :
Num$(x)\equiv\forall y\subseteq inix(y\neq\epsilonarrow\alpha\subseteq_{end}y)$ .
$S$ $+$ :
$\bullet S(x)\Rightarrow x^{\wedge}\alpha$ ;
$\bullet x+y\Rightarrow x^{-}y$ .
witness
$m\cdot n$ witness $(0,0)$
1 $m$ $n$
$m\cdot n$ $m\cdot n$







$w$ $x$ $y$ witness ( ) ” TC
PWitn$(x, y, w)$ TC
$x,$ $y$ witness
witness $Q$
$Q$ TC $\check{S}$vejdar Ganea
$Q^{-}$ Visser $Q$ concatenation
TCQ
:
$\bullet$ TC $\triangleright Q^{-}$ ( $\check{S}$vejdar[17] Ganea[3]), $Q^{-}\triangleright Q$ ( $\check{S}$vejdar[15]).





2.11 (Tarski et al.[20]). $F$ $(^{-},$ $\epsilon,$ $\alpha,$ $\beta)$ :
(Fl) $\forall x(x^{-}\epsilon=\epsilon^{\sim}x=x)$ ;
(F2) $\forall x\forall y\forall z(x^{\wedge}(y^{\wedge}z)=(x^{\wedge}y)^{\wedge}z)$ ;
(F3) $\forall x\forall y\forall z(x^{-}z=y^{\wedge}z\vee z^{arrow}x=z^{arrow}yarrow x=y)$ ;
(F4) $\forall x\forall y(x^{-}\alpha\neq y^{\sim}\beta)$ ;
(F5) $\forall x(x\neq\epsilonarrow($ $u(x=u^{arrow}\alpha\vee x=u^{-}\beta)))$ .
F TC (F3) F 26 TC
:
$\bullet F\vdash\forall x\forall y\forall z(x^{\wedge}z=y^{arrow}z\vee z^{arrow}x=z^{\wedge}yarrow x=y)$ .
$\bullet$ TC $\mu\forall x\forall y\forall z(x^{-}z=y^{-}z\vee z^{\wedge}x=z^{\wedge}yarrow x=y)$ .
$\forall x\forall y(\alpha\subseteq xyarrow\alpha\subseteq x\vee\alpha\subseteq y)$




$\bullet TC\vdash\forall x\forall y(\alpha\subseteq xyarrow\alpha\subseteq x\vee\alpha\subseteq y)$ .
$\bullet F\mu\forall x\forall y(\alpha\subseteq xyarrow\alpha\subseteq x\vee\alpha\subseteq y)$.
TC F
$F$ TC Ganea \v{S}vejdar
:
2.12 (Ganea[3], $\check{S}$vejdar[18]). TC $F$
$\bullet$ TC $\triangleright F$ , (Ganea )
$\bullet$
$F\triangleright$ TC, (\v{S}vejdar )
F TC
Ganea $F$ TC $\delta(x)$
Tame$(x)\equiv\forall u\forall y(y\subseteq_{end}uxarrow y\subseteq_{end}x\vee x\subseteq_{end}y)$
Tarski et al.[20]













3.1 (Tarski et al.[20]). $R$ $(+, \cdot, 0, S)$ : $n,$ $m\in\omega$
(Rl) $\overline{n}+m-=\overline{n+m}$ ;
(R2) $\overline{n}\cdot\overline{m}=\overline{n\cdot m}$;
(R3) $\overline{n}\neq m-$ for $n\neq m$ ;
(R4) $\forall x(x\leq\overline{n}rightarrow x=\overline{0}V\cdots Vx=\overline{n})$ ;
(R5) $\forall x(x\leq\overline{n}\vee\overline{n}\leq x)$ .
$x\leq y\equiv$ $(z+x=y)$ ,
$\overline{0}:=0$ , $\overline{n+1}:=S(\overline{n})$
Q (Rl) (R5) R Q
$\forall y(0+y=0arrow y=0)$
Q R R Q
$R$ Robinson $Q$
3.2. Q R




$R$ [20] Jones Shepherdson
[8] $R$ (R5) $R_{0}$ $\Sigma_{1}$
$*$ 14 $R_{0}$ (Rl) $R_{1}$
$*$ 15
$*13$ $T$ (locally finitely satisfiable) $T$
$*14$ Ro (Rl) (R4) $\Sigma_{1}$











$*$ 16. abbca $=(((\alpha\beta)\beta)\gamma)\alpha$
3.4 (Horihata[7]). WT$C$ $(^{arrow},$ $\epsilon,$ $\alpha,$ $\beta,$ $\gamma)$ $*$ 17 : $u\in$
$\{a, b, c\}^{+}$
WTCI $\forall x\subseteq\underline{u}(x^{arrow}\epsilon=\epsilon^{-}x=x)$ ;
WTC2 $\forall x\forall y\forall z[(x^{\wedge}y)^{-}z\subseteq\underline{u}arrow x^{\wedge}(y^{\wedge}z)=(x^{\wedge}y)^{\wedge}z]$;
WTC3 $\forall x\forall y\forall s\forall t[(x^{arrow}y=s^{arrow}t\wedge x^{arrow}y\subseteq\underline{u})arrow$
$w((x^{\wedge}w=s\wedge y=w^{-}t)\vee(x=s^{\wedge}w\wedge w^{\wedge}y=t))]$ ;
WTC4 $\alpha\neq\epsilon\wedge\forall x\forall y(x^{-}y=\alphaarrow x=\epsilon\vee y=\epsilon)$ ;
WTC5 $\beta\neq\epsilon\wedge\forall x\forall y(x^{\wedge}y=\betaarrow x=\epsilon\vee y=\epsilon)$ ;
WTC6 $\gamma\neq\epsilon\wedge\forall x\forall y(x^{\wedge}y=\gammaarrow x=\epsilon\vee y=\epsilon)$;
WTC7 $\alpha\neq\beta\wedge\beta\neq\gamma\wedge\gamma\neq\alpha$ .
WTC $u\in\{a, b, c\}^{+}$ TC
WTC $(\{a, b, c\}^{+};^{-}, \alpha, \beta, \gamma, \epsilon)$
WTC
$*16$ ( 36),





3.5. $\subseteq,$ $\subseteq ini,$ $\subseteq_{end}$ :
$\bullet$ $x\subseteq y\equiv x=y\vee\exists k]l[k^{arrow}x=y\vee x^{-}l=y\vee(k^{-}x)^{-}l=y\vee k^{arrow}(x^{-}l)=y]$,
$\bullet x\subseteq iniy\equiv x=y\vee\exists l(x^{-}l=y)$ ,
$\bullet x\subseteq_{end}y\equiv x=y\vee$ $k(k^{-}x=y)$ .
WTC / $(\{a, b, c\}^{+};^{\wedge}, \alpha, \beta, \gamma, \epsilon)$
36. WTC :
$((\alpha\beta)\alpha)\alpha=\alpha((\beta\alpha)\alpha)=(\alpha\beta)(\alpha\alpha)$ .
$u\in\{a, b, c\}^{*}$ abaa $\underline{u}=((\alpha\beta)\alpha)\alpha$ (WTC2)
$\underline{u}=(\alpha\beta)(\alpha\alpha)$ . $(\uparrow)$
$(\alpha\beta)\alpha\subseteq$ (WTC2) $(\alpha\beta)\alpha=\alpha(\beta\alpha)$ $\underline{u}=(\alpha(\beta\alpha))\alpha$
(WTC2) $(\alpha(\beta\alpha))\alpha=\alpha((\beta\alpha)\alpha)$
$\underline{u}=\alpha((\beta\alpha)\alpha)$ . $(\ddagger)$
$(\dagger$ $)$ $(l)$ $((\alpha\beta)\alpha)\alpha=\alpha((\beta\alpha)\alpha)=(\alpha\beta)(\alpha\alpha)$
WTC $\Sigma_{1}$ $\Sigma_{1}$
:
$\forall x\subseteq a$ , $x\subseteq a$




3.7. $u\in\{a, b, c\}^{+}$ WTC :
$\forall x(x\subseteq\underline{u}rightarrow v\subseteq u\vee x=\underline{v})$
.








$R$ WTC $R$ $R_{0}$ Ro
WTC Q TC





3.10. $x$ good ” Good$(x)$ :
Good $(x)\equiv$ EL$(x)\wedge$ AS $(x)\wedge$ EA$(x)$ .
$\bullet$ EL$(x)\equiv\forall s\subseteq x(s^{-}\epsilon=\epsilon^{\wedge}s=s)$ ;
$\bullet$ AS$(x)\equiv\forall s_{0}\forall s_{1}\forall s_{2}[[s_{0^{\wedge}}(s_{1^{-}}s_{2})\subseteq x\vee(s_{0^{\wedge}}s_{1})^{\wedge}s_{2}\subseteq x]$
$arrow s_{0^{\wedge}}(s_{1^{\wedge}}s_{2})=(s_{0^{\wedge}}s_{1})^{\wedge}s_{2}]$ ;
$\bullet$ $EA(x)\equiv\forall s0\forall s_{1}\forall t_{0}\forall t_{1}[(s_{0^{-}}s_{1}=t_{0^{-}}t_{1}\wedge s0^{-}s_{1}\subseteq x)arrow$
$w((s_{0^{\wedge}}w=t_{0}\wedge s_{1}=w^{\wedge}t_{1})\vee(s_{0}=t_{0^{\wedge}}w\wedge w^{\wedge}s_{1}=t_{1}))]$
$x$ good $x$ TC
$u\in\{a, b, c\}^{+}$ WTC $\vdash$ Good $(\underline{u})$
3.11. WTC :
(1) $\forall x$ (Good$(x)arrow$ TR$\subseteq(x)$ ), $TR\subseteq(x)\equiv\forall y\forall z(y\subseteq x\wedge z\subseteq yarrow z\subseteq x)$ ;
(2) $\forall x$ (Good$(x)arrow\forall y\subseteq x$ Good$(y)$ ).
TC $\triangleright Q$ PWitn$(x, y, w)$ :
13
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$(\dagger)$ witness t good ;
$(\ddagger$ $)$ $z$ witness $\beta z\gamma y\beta$ witness $w$ $p,$ $z’$




3.12. $u,$ $v$ $\in$ $\{a, b, c\}^{+}$ $w$ $\in$ $\{a, b, c\}^{+}$ WTC $\vdash$
PWitn $(\underline{u}, \underline{v}, \underline{w})$
witness
witness
3.13. 3.12 $u,$ $v,$ $w\in\{a, b, c\}^{+}$ :
WTC $\vdash\forall w’(PWitn(\underline{u},\underline{v}, w’)arrow\underline{w}=w’)$ .
3.14. WTC :
(1) $x,$ $y,$ $s,$ $t$ $x\beta s$ good $x\beta s=y\beta t$ $s$ $t$ $\beta$
$x=y$ $s=t$
(2) $x,$ $y,$ $s,$ $t,p$ $x\beta s\beta p$ good $x\beta s\beta p=y\beta t\beta$ $s$
$t$ $\beta$ ( ) :
(a) $w$ $x\beta s\beta w=y\beta$ $wt\beta=p$ ;
(b) $x=y$ $s=t$ $p=\epsilon$ .








witness $\underline{w}$ $\underline{w}\subseteq iniw’$
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PWitn $(\dagger$ $)$ $w’$ $\underline{w}$
PWitn $(\ddagger$ $)$ 3.14
$x\cdot y=z$
” $M(x, y, z)$
$M(x, y, z)\equiv\exists!wPWitn(x, y, w)\wedge\exists w(PWitn(x, y, w)\wedge\gamma z\beta\subseteq_{end}w)$
V $[(\neg$ $|wPWitn(x, y, w))\wedge z=0]$
witness
O RO









(2) WTC $|$ TC ;
(3) WTC “Good ”
WTC $r\forall x\forall y$(Good$(x)\wedge$ Good$(y)arrow$ Good $(x^{-}y)$ ).
(1) R (2) TC WTC
Q R 32 (3)
WTC $\mu\forall x\forall y$(Good $(x)\wedge$ Good$(y)arrow$ Good$(x^{-}y)$ )




$WTC_{n}$ $n(\in\omega)$ WTC (
). WTC WTC3
3.18. $m,$ $n\geq 2$ $WTC_{m}$ $WTC_{n}$
$n\geq 2$ $WTC_{3}$ $WTC_{n}$
$n\geq 2$ $WTC_{n}$ 3.15 $WTC3\triangleright WTC_{n}$
$WTC_{n}\triangleright WTC$2 $WTC2\triangleright WTC$3 39
$WTC2\triangleright R$ 3.15 $\beta,$ $\gamma$ $\beta\beta,$ $\beta$
$WTC2\triangleright R$ 3.18
1. 3.18 R ( 39,3.15)
WTC 3.17(1)
3.18 WTC ( )
WTC
$*$ 18.
$*$ 19 (degree of interpretability)
2. ‘ ” $T$
$\bullet$ TC $\triangleright T\triangleright$ WTC,
$\bullet$ WTC $\mu_{T\hslash\supset \text{ }T}\mu$ TC
3.19. ‘ ” $T$
$\bullet$ TC $\triangleright T$ $\tau\mu$ TC,
$\bullet$ $T$ WTC ( )
$*18$ TC Zdanowski[25] Appendix
TC Grzegorczyk, Zdanowski[5]
WTC
$*19$ \v{S}vejdar[14] Lindstr\"om[9] 7 Friedman [2]
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$T$ 1 ( $S$ )
$S$ $Q$ $S$ TC $S$
TC $S$
TC $\triangleright S$ $s\mu$ TC.
$S$ WTC $S$ $S$
$S$ WTC
$s\mu$ WTC h WTC $\mu s$ .
$T$
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